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Abstract:

In this paper a bulk-service queuing system is being considered which have a single server and arrivals
oceur singly according to a Poisson process. Service times have a pdf of Coxian type of order 2. Service
is provided in batches where a batch may contain a minimum number of a = 1 and a maximum number of
b = a customer. It 15 further assumed that the arriving units can enter service, without affecting the service
time, if the size of the batch served is less than some fixed integer d (a < d = b). The steady state
distribution of queue length and waiting timeare derived along with probability that the server is busy and
the customer has to wait. These types of gueues are widely found in transportation and production
networks.
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In transportation networks, it usually happens that customers are served in bulk and late entries are
allowed to join a batch, if the capacity of the batch is not full. Customers may be persons, luggage,
vehicles, data, raw material or anything requiring service. Single-server bulk-service queuing systems
with either the (a, b) rule and its special cases or with other service rules have got a wide attention. Most
of the early research was restricied to exponential service times. Chaudhry and Templeton (1981),
Holman et.al.{1981) and Baba (1983) studied the M/ G(a, by quewing system and some of its special
cases like the M/ Eg (a, by 1LM/G(1, b)/l and M/PH{a.b)/1. Jacob and Madhusoodanan (1988) gave
transient solution to M/ G(a, b)/1 queuing system.

Bulk service queues with accessible and non-accessible batches are studied by Chiamsiri and Leonard
(1981), and Sivaswamy (1990). Goswami et.al. (2011) didperformance analysis of a renewal input bulk
service queue with accessible and non-accessible batches. Balasubramanian (2013)gave steady state
analysis of a bulk quening model with multiple vacations, accessible batches and closedown times.
Banerjee etal. (2015) analyzeda finite-buffer bulk service queue underMarkovian arrival process with
batch- size dependent service. Here, an attermnpt has been made to solve a single server quening system
with service in accessible and non-accessible batches having Poisson arrivals and service time pdf of
Coxian-2 type.

MODEL AND NOTATIONS

We assume that customers arrive into a service facility according to a Poisson process with raie A,
Service is provided in groups by a single server. When the server becomes free, a group of customers of
size at most b can be served. The server is not allowed to process a group of size less than a, 1<a<b. li
has further been assumed that late entries can join a batch in course of ongoing service as long as the
number of customers in that batch is less than d (called maximum accessible limit) where a< d <b. If the
batch size is greater than or equal to d, it becomes non-accessible for late arriving customers. I the server
is accessible, then late arriving customers will join the batch being processed ull it becomes non-
accessible and only after that the quene will be formed. The late entries into a baich does not affect the
service time of the batch being served.

The service times, irrespective of the batch size are assumed to be independent and identically
distributed random variables with a common Coxian-2 type distribution C;. The queue discipline is FCFS.
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The Coxian distribution with two stages can be characterized as follows:

The service facility consists of 2 exponential stages with corresponding rates py and pz, only one of
which may be cccupied at any moment. Customers enter to the first stage, but after visiting the first stage,
an independent choice is made so that the customers traversing the facility either departs with probability
q or proceeds to the next stage with probability 1-q . If he visits the second stage, then after it, he has to
leave the service facility with probability one. So, the C, distribution has three independent parameters,
i.e.

#; = the rate of the i* exponential stage, i=1,2

g=the probability of bypassing the second stage
Let

T,=the customer’s total service time,

then, its squared coefficient of variation v,> and Laplace transform fr,"(8) are found to be
respectively

2 — g2 2
2 " (1=g9) + g andfn'[ﬂ}—{"‘””'”

Vs T lam—g) +paP B +pg) (B +pz)

For the above discussed queueing model M/ C; (a, d. b)/1, expressions are found for the steady state
probability distribution of queue length along with some usual performance measures.

For the steady state, we introduce the following random variables

(., 0)= K server busy with non-accessible batch R=0.1

(R, 1= R server busy with accessible batch,R=0, 1

N= The number of customers in the queue,

Ni = The number of customers being served in an accessible batch,

B= The number of busy server in the second stage of its service-timing-channel.

The system is studied as a continuous time Markowv chain, by using the triplets ({r, 0}, n.i) to represent
the states ((R.0) = (r.0), N=n, B=i) and ((r,1}. ng, i) to represent the states ((R,1) =(r.1), No = ny, B=i) on
the three-dimensional state space

E={r.={0,0x((0=n<a-1)x (1=0)} U {(ir.,)={l1)x{agn=d-1)x (i=0.1}]
U {((r0) = (10))x (nz0)x (1=0,1);

where the states with (r.0) = (0,0} and (r.1) = (1,1} are termed ‘unsaturated’ and the infinitely many
states with (.00 = (1.0} are termed as “saturated”.

Let us define the general time-probabilities as
Fi oy =Pr {(R0)Sr0), N =n, B=i } ((r.0)ni)ES
Pirayn,a = Pr {(R, 1) =(r,1), Mo =na, B=1 }((r, 1),m0,i)E S
B,=Pr{ N=n}
U, = Pr {N=n : the system 1s unsaturated }
So,
U.= Pyooynaforn= 1

and Uy = Prooypo0 + B3 L Tlog Pamga
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where for compactness, we define

Proynre1r E Proyn-1 =0

Firayngr+1 = Prajng=1 = 0

As well as the traffic intensityp = (A/B) (1/1y) + (1— q)/ 1]
THE EQUILIBRIUM EQUATIONS

Applying the well-established conservation of flow argument, equilibrium equations can be written
as:

I For(r,0)=(1,0)

{a)n=1,i=0,1

AP pyneri + (1= g)(2 = DPy pyni=1 + Qi1 (1 = DPagymbi + 200+ 1P g)asni

=(A + (1 =Dy +ipz)Fp0yn,i (1)

(b) n=0,i=0,1

APy 1y aer; + (1= Dy g hma Peaoyses + (0 + Dty Thed Prroyieivr + (2 =01 = q)Pyygy0-1

= (A (1) py + ipz) Py oy (2)
2. For(r,1)=(1,1)

(@) a+l <np<d-1,i=0, 1

APy 1y m=1ypi + M1 (1 = )2 = D) Py 1ymgim1 + G = D) Py myng + (0 + 1) Piygyn,isn

= (A H1-Dpy +ipz)P 1m0 (3)

(b) ny =1, i=0,]

AP gya=1i + Qi (1= DPrupyai + (0 + DpaPrygyaien + (1= q)(2 = )Py 1),0i-1

= (A1) oy +ipt5) Pry1yai (4)
3. For(r,0)=(0,0)

(a) 1=n=a-1,i=0

AP oyn-10 + APaoyne + K2Paoynn = Popyne (3)
(b) n=0, i=0
a1 (Proyon + Zhgma Pamgo) + Hz(Paoyos + Zigma Pityng1) = APpoyoo0 (6)

3. Analysis and solution of the equilibrium equations

We assume that

Pe1,oyn,i = Biw™ 0z 0, i=0,1
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From equations (1), we have
Bemy w(l = q)(2 = Dy + ByfA+q(1 = Dpwb*' — w(d + (1= 0y +ipty)]
+Bi (i + Dpawh* = 0
i=0,1 (M)

Equations (7) form a linear homogeneous system of two equations with two unknowns. The non-
trivial solution will exist only if the determinant of this system matrix equals to zero, i.e.

Det(w)=0 (8)

Using Rouche’s theorem in above equation, it is easy to see that for p < 1, there are two real and
positive roots w; , ] =0, linside the unit circle.

Let us introduce the generating function U(z) = ¥oy B, 2"

Now, after multiplying (7) by z' and adding with respect to I, we obtain the separable differential
equation of first order

U(z)/U(z) = Alw)/ [z - z(W)] - [1 - AGW)]/ [2 - z5(W)]

where z,(w) and z-(w) are the roots of the denominator. It gives

U(z) =k [z-z(W)] [z- (w)]" j=0.1 (9)
where k is a constant yet to be determined.

Returning now to the assumed form of probabilities Py gy, ; . we have

Pigyni = E;-n B; jw;"n=0, = 0,1

with B;jbeing the coefficient corresponding to the root w; .These coefficients By; satisfy equation (7) for
the two roots w; .

As the equations given by (7) are linear homogeneous, only one of them is independent. So, for each |
the coefficient By can be expressed as linear combinations of B . If we introduce the notations

;" = By;forj=0,1 (10)
B = G (1= z(w)Y (1 - z2(w))"™ (11
It is apparent that we must have

B;; = f(i,w) E}‘i,j =0,1

where the coefficients f(i,w;) can be determined recursively through equation (7). Hence ,
Pﬂmlnl,—=2:_ﬂf{i,w-} G w" nz0,i=0,1 (12)
Now, (9) and (10)lead to

Ui(2) = ZiaoBiy 2=G"(z = 22 (w))) (2 = 22(w;))"~ j=0.]
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And therefore the coefficientsf (i, w; )satisfy the two relations

LimafEw)z' = (2= z(w)Y (2= z2(w))' 7 j=0,1 (14)
Now, the only unknown quantities are the two mefﬂcients@-'and the probabilities

PiogynaWithl= n < a-landP, with a< n, =d-1,i=0,1

Jimgd

From (2), we see thatFpy 154 ;can be expressed as linear combinations of the probabilities Fy; gy n;
and hence from (12) as linear combinations of ' ie

Py d=-1,= E}-u G *o(d-1, 1, j) , where the coefficients g(d-1, i, j)are to be computed recursively from
(2).

Similarly, from (3), Py 1y (n-1),; are computed recursively for a+l < ny < d-1.From (4), Pg0)q-1, is
computed, while from (5) Py gy n—1,0 1s computed for 1< n< a-1. In all these cases, probabilities are to be
expressed as linear combinations of E; **s. S0, we have

P ymgi= E}-uf:;'g'[ﬂn. L) (15)
andP(ggy; = Ljmo G 2, 1,J) (16)

The coefficients g{a-1,1,j) computed from (4) obviously satisfy

%m0 G ala-1, 1, 1) = Pl gpam11 =0 (1)
MNormalization equation gives
Tnmo Pooyno + Xoraa Bieo Piyngs + Lnmo Bimo Papyns = 1 (18)

Equation (18) may be written as eq. (19) given below

TieoG (252 0m0)) + E45% T glma i) + (1/(1 - w)} (1= 2(w)) (1-2:(w)) "1=1 (19)

Equations (17) and (19) form a linear system of two equations with two unknowns
Cy and C," . By solving them for C.* ,j = 0,1 all probabilities are determined.

System Size Probability Distributions and System Performance Measures
We have

ELI} Pfl.l:l:l..it,i' fﬂ’i" n=a
Fu= Poono + LimoPamymiforlsn<a-—1
P{D.ﬂl.u.ﬂ + EE-D P{l.ﬂll]j + Eﬂu-l-ﬂ Ei:'l-l:l P{ L1)mpd fﬂr n= ﬂ

From (12) and (14), we get
TimPagyni = Lj=o(l1— z(w)Y (1 =2, (w))'7 G'w™ = Ejo B 'w" (20)

The definition of U, with (20) gives
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Tj-oBw fornza
”ﬂ + E}:nﬁ}'fﬂTﬂ =0

Now, we have to find the closed form expressions for U, . From equation (3), we have
Uy = Unoy = (1/2) [qp Zio(1 = 1) Pragyag + b2 Zioi Prygyns]
forn=172,.. . a-1 (22)
After some tedious algebra, we obtain from equation (1)
qu1 Bizo(1 =) Pugyni + 2 Bz 1 Paoyns =2 Ejco B [(1 = wy)/1—wJw"™ ! (23)
So, from (22) and (23), we have
Up = Unr = Zjco B 1A -w)/ (-] w™ " a2l (24)
The normalization equation (18) can be written as
Tachln =1-Zj 8" /(1 -w) (25)
Solution of the system of (24) and (25) provides
Uy = (1/a) — iz B [{(w" —w®) a(l —w)(1 —w)} + w"/(1—w®)]
Forn=0.1..... a-1 (26)
Putting the value of U, from (26) in (21), we get the expressions for the general time probabilities.
Now, we obtain expressions for the usual performance measures.

1. L;=mean queue length

=Yacoth, = E;};“UH + Ef:nngilﬂpﬂ.n)m

(@=1)/2 + ZjoB" [w/(1-w)* -
((@=/2) o = w)/(1=w)(1 = %) = by (1= = aw o= (L= w))/ (1= )21 = )

(27)
2. Pysy = Pr{serveris busy}
=m0 Dz Pagyni + Zita Zizo P tyno
=¥IB (1/(1— w)) + TEL T TG g(ngin)) (28)

3. Pyelay = Prlan arriving customer has to wait]
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=1 = Pop)a-10 = Lngea Limo P11)mgs

=1 + Pgjoo + ZimoB" (14w ")/(1-w?) -

1= Ziwo B = w)/ (1= ) (1 - )} (29)
Waiting-Time Distribution

We consider an arriving customer, whom we call as test customer. Let T, denote the random variable
“the waiting time of a test customer”™. We define

W =Pr {0<T, <t}

Fro(t) = Pr{T, =t}

and our aim is to find closed form expressions for these functions.

We may express W(t) = Wi (t) + Wa(t) + W5(0) (30}
where

Wi(t) = Pri0<T, =t (R0) = (00),N =a-2}

Wy(t) = Pri0<T, <t,(R,0) = (L0),N =nb + m}

(a-1 =m=b-land n=0, 1, 2,...)

Wi(t) = Pri0<T, =¢,(R,0) = (LO),N =nb+ m}

(0=m=aZandn=0,1,2,..)

In order to find theexpressions for above terms, we define

Fit) = Pri0=T,=t: B=iD=n+1}

where D denotes the number of batch departures during the waiting time of the test customer.

In first case the test customer finds the server idle and N=n < a-2 customers in the queue, so he has
to wait for a-(n+1) arrivals. Thus his waiting time has an Erlang distribution with parameter a-n-1, and
hence

Wi(t) = ERs§(1 - ZEg ™" e~ (A0 /1) P yno (31)

In second case, he finds the server busy with non-accessible batch and N = nb +m, n = 0,a-1< m <b-1
customers in the queue , so his waiting time is oot affected by the number of arrivals after his joining the
queve and consists of the interval taken up to the (n+1)th subsequent baich departures. Thus, we have

Wa(t) = Tin Lmmant Limo Pi1,0yn0 +m i Fai(t) (32)

In third case he finds the server busy with non-accessible batch and N=nb +m, n >0, 0<£m < a-2
customers in the queue, then, he has to wait for the maximum time taken by either n+1 departures or

a-1-m arrivals. So, we have

Wa(t) = Eomo Lo T (P mynb 4m,i Fai(£) ) (1- TEm2=™ e =2 (A6)! /11) (33)
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In the above expression, the only unknown quantities are

A(8) = Thofiw) Tazgwy™ Fy 1 (070,1(35)

But we have the quantities 4;(t) to be

A4 = (B"/6°(1 - wh}( — e HO-w/wty (36)

Using (36) in (34), we obtain

W(t) =

Pdelay +(1- Pde!ay — Uy—1) Go(t) — E:;% U, Gy (t) —

Tj=0B" (1/(1-w))e It gl By L -w) ZaZw" G() (1 -

E_-'l{ﬂ_“"j]fwﬂt) {3?.}
where

C(6) =TS e ™ () /1)

From (37), it is evident that

limgsco W(t) = Pietay = Pr{T,>0}

Now, Fr, (t) is given by

Fr(t) = [1= Pr{T, > 0}] + W(1) (38)

The rth moment of Tq can be calculated through

E[T," =1 [ (1= Fry (0) dt

In particular, the first moment nqu 1s found to be

E[T,)=(1/2) [(a/2) {1+ Ejo B "(w* + w)/(1—w)(1-w")}

~ 5 1= TjaB 1+ w0y —wh)/ -w)* 1 -w")} - (-

1) Zma Zzo B0 G 9(na, i )] (39)
CONCLUSION

Queuing performance measures are very important for maintenance and improvement of the queuing
system. Queue length and waiting time are a matter of concern for the customer as well as the organizer
of queue. Information about the busy period of server helps to know about the need ofintroducing new
server. For the proposed model steady-state queue length distribution and waiting time distributions are
derived. Probabilities for the server to be busy and an arriving customer has to wait are also found. As the
service time distribution is Coxian-2 type, many real- life queues may be modelled by this queuing
System.
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